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The relation between single partile and ensemble measurements is adressed for semiondutor
CdSe nanorystals. We reord their uoresene at the single-moleule level and analyse their emis-
sion intermitteny, whih is governed by unusual random proesses known as Lévy statistis. We
report the observation of statistial aging and ergodiity breaking, both related to the ourrene
of Lévy statistis. Our results show that the behaviour of ensemble quantities, suh as the total
uoresene of an ensemble of nanorystals, an dier from the time averaged individual quantities,
and must be interpreted with are.
PACS numbers: 05.40.Fb, 78.67.Bf
The relation between single partile and ensemble mea-
surements is at the ore of statistial physis, and be-
omes ruial given that experiments are now able to re-
solve individual nanometer-sized objets. This question
is addressed here for semiondutor CdSe nanorystals.
The uoresene properties of these olloidal quantum
dots (QDs) have raised great attention due to their size-
indued spetral tunability, high quantum yield and re-
markable photostability at room temperature [1℄, all of
whih make QDs a promising system for biologial la-
belling [2℄, single-photon soures [3℄ and nanolasers [4℄.
When studied at the single moleule level, CdSe QDs
share with a large variety of other uoresent nanometer-
sized systems [5, 6, 7℄ the property of exhibiting uores-
ene intermitteny [9℄. This means that the uoresene
intensity randomly swithes from bright ('On') states to
dark ('O') states under ontinuous exitation. Although
the very origin of the intermitteny for CdSe QDs re-
mains a matter of investigation, its statistial properties
have been studied. For a given QD, the durations τon
and τoff of the On and O periods follow slowly deay-
ing power-law distributions Pon(τon > τ) = (τ0/τ)
µon
,
Poff(τoff > τ) = (τ0/τ)
µoff
, where µon and µoff are lose
to 0.5 [10, 11, 12℄. This behaviour extends over several
orders of magnitude, from the detetion integration time
τ0 up to hundreds of seonds, with very small dependene
on temperature or exitation intensity.
The ruial point for our analysis is that both µon
and µoff are smaller than 1. In this ase, the deay is
so slow that the mean value of Pon and Poff is formally
innite, and very long events tend to dominate the uo-
resene signal, produing strong intermitteny. The du-
ration of the On and O periods are thus governed by
"Lévy statistis", whih have been enountered in vari-
ous elds [13, 14, 15, 16, 17, 18, 19, 20, 21℄ suh as laser
ooling of atoms [14℄, dynamis of disordered [15℄ and
haoti [17℄ systems, glassy dynamis [19℄ or eonomis
and nane [20℄.
In this Letter, we show that single QD measurements
an be used to expliitly ompare ensemble- and time-
averaged properties and explore some of the unusual phe-
nomena indued by Lévy statistis, suh as statistial
aging and ergodiity breaking. Using an epi-uoresene
mirosopy set-up and a low-noise CCD amera, we si-
multaneously reorded at room temperature the uores-
ene intensity of 215 individual QDs for duration of 10
minutes with a time resolution of 100 ms [22℄. The blink-
ing of the uoresene intensity was observed for eah
QD deteted in the eld of the amera (Fig.1). Due to
the binary behaviour of the blinking proess, eah in-
tensity time trae was simply onsidered as a sequene
of n On and O times {τ
(1)
on , τ
(1)
off , τ
(2)
on , τ
(2)
off , ..., τ
(n)
on , τ
(n)
off }
from whih the distributions Pon and Poff were derived.
In our measurements, the On and O periods both fol-
lowed power-law distributions [23℄. After adjustment of
the umulative distributions of the On and O periods
for eah of the 215 QDs, the exponents µon and µoff were
estimated to be respetively 0.58 (0.17) and 0.48 (0.15),
onsistent with previous experiments [11, 12℄. For all pair
of QDs, we also omputed the Kolmogorov-Smirnov (KS)
likelihood estimator [24℄ to ompare the On (resp. O)
distributions between eah pair of QDs. For our set of
data, the KS tests yield the same average value of 0.4
(0.3) for both On and O distributions, well above the
value 0.05 usually onsidered as an inferior limit to as-
sume that two datasets have idential distributions. In
the following, the 215 QDs are therefore onsidered as
statistially idential, with µon=0.58 and µoff=0.48 [25℄.
The rst observation is that, for purely statistial rea-
sons, the uoresene of QDs is non-stationary, i.e. time
translation invariane is broken in the intermitteny pro-
ess. This is best evidened by studying the rate at whih
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Fig. 1: Fluoresene intermitteny of a single CdSe nanorys-
tal measured over 10 minutes with a 100 ms time bins. Due
to the broad distribution of the On and O states, the signal
is dominated by a few long events.
the QDs jump bak from the O to the On state (a
"swith on" event). For this purpose, we omputed the
ensemble average of the probability density s(θ) to ob-
serve a QD swithing on between θ and θ + dθ after a
time θ spent in the O state. For O periods follow-
ing a "narrow" distribution (with a nite mean value
〈τoff〉), s(θ) - also alled the renewal density - would be
independent of θ and equal to 1/〈τoff〉. The situation is
drastially hanged for CdSe QDs : due to the fat that
µoff < 1, 〈τoff〉 no longer exists and s(θ) is then ex-
peted to deay as θ−(1−µoff ) [14℄. This means that as
time grows, the swith on events our less and less fre-
quently. Fig.2a shows that our data math these theoreti-
al preditions : the measured value of s(θ) dereases like
θ−α, with α = 0.5 in agreement with the value (1− µoff)
expeted from our measurement of µoff .
This non-stationary behaviour an be understood by
onsidering, for eah QD, the quantity :
θ(N) =
N∑
i=1
τ
(i)
off ,
i.e. the total time spent in the O state during the N
rst O periods (Fig.2b). Assuming that the τ
(i)
off are in-
dependent and τoff having no mean value, the sum of N
suh independent random variables must be evaluated by
means of the Generalized Central Limit Theorem (see e.g.
[14℄). This theorem states that θ(N), instead of saling
as N , grows more rapidly, as N1/µoff . As shown in Fig.2b,
the sum θ(N) is dominated by few events. This entral
property, distintive of Lévy statistis, means that, as
time grows, one observes long events that are of the or-
der of θ(N) itself [26℄. Hene, the probability for a QD
to swith on dereases with time : the system ages [19℄
and the signal is non-stationary.
To test the assumption that the O events are inde-
pendent and to gain further insight into this aging eet,
we omputed the persistene probability Π0(θ, θ + θ
′),
dened as the probability that no swith on event o-
urs between θ and θ + θ′. In the ase of independent
O periods with an exponential distribution (with mean
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Fig. 2: Statistial aging measured from a sample of 215 QDs.
(a) Logarithmi plot of the probability density s(θ) for a QD
to jump in the On state after having spent a total time θ
in the O state. The solid line is a power-law adjustment
θ−α with α = 0.5. (b) Evolution of the total time spent in
the O state θ(N) with the number N of O periods for a
given QD ; the sum θ(N) is dominated by a few events of the
order of θ(N) itself. () Persistene probability Π0(θ, θ + θ
′)
measured from the set of 215 QDs for θ = 0.1 s (△), θ = 0.5
s (⋄), θ = 1 s (×), θ = 2 s (), θ = 4 s (∗), θ = 8 s (◦).
Π0(θ, θ+θ
′) depends on θ, indiating that the proess is aging.
(d) Persistene probability Π0(θ, θ+θ
′) measured for θ and θ′
ranging between 0 and 10 s with 0.1 s time bins and expressed
as a funtion of θ/(θ+ θ′) (+). Eah point orresponds to the
average over 200 adjaent data points. The solid lines are the
theoretial preditions for exponents µoff = 0.5, µoff = 0.55
and µoff = 0.6.
value 〈τoff〉), Π0(θ, θ + θ
′) is independent of θ, and given
by e−θ
′/〈τoff〉
, illustrating that the swithing proess is
stationary. The omputation of Π0 from our dataset re-
veals a ompletely dierent pattern : the probability that
no swith on event ours within a given duration θ′ de-
reases with θ (Fig.2), onsistent with the behaviour
of s(θ). Furthermore, Π0(θ, θ + θ
′) is found to depend
only on the redued variable θ/(θ+ θ′), and to vanish for
θ/(θ+ θ′) lose to 0 (Fig.2d). This result proves that one
has to wait a time θ′ of the order of θ to have a hane
to observe a swith on event, in qualitative agreement
with the fat that the largest term of the sum θ(N) is of
the order of θ(N) itself. Quantitatively, for independent
O events distributed aording to a Lévy distribution
Poff with exponent µoff , the persistene probability is
expeted to read :
Π0(θ, θ + θ
′) =
∫ θ/(θ+θ′)
0
βµoff ,1−µoff (u)du
where β is the beta distribution on [0,1℄ [19, 27℄. Our
data follow this predition with µoff = 0.55, in agreement
both with our previous estimations of µoff (Fig.2d) and
with the assumption that the O events are independent.
3These results show that the aging eet has a pure sta-
tistial origin and is not related to an irreversible proess
(suh as photo-destrution). Due to the statistial prop-
erties of Lévy distributions, non-stationarity emerges de-
spite the time-independene of the laws governing the
mirosopi uoresene proess.
From a more general standpoint, this non-stationary
behaviour has also profound onsequenes on basi data
interpretation, suh as the ensemble-averaged total uo-
resene emitted by a population of QDs. We illustrated
this by studying Φon(t), the fration of QDs in the On
state at a given time t (Fig.3a). In the ontext of Lévy
statistis, the time evolution of Φon(t) is intimately linked
to the relative amount of time spent in the On and O
states for eah QD. Qualitatively, the O events tend to
be dominant whenever µoff < µoff sine θ(N) =
∑N
i=1 τ
(i)
off
grows faster than its ounterpart θ̂(N) =
∑N
i=1 τ
(i)
on .
When analysed in a more quantitative way, the fra-
tion Φon(t) an be shown to derease asymptotially as
tµoff−µon [14℄. Experimental results onrm this analysis :
Φon(t) deays as t
−β
, with an exponent β = 0.13 indeed
onsistent with the previous determination of µon and
µoff (Fig.3a). We also observed that the average signal
over the whole CCD detetor - i.e. the sum of the uo-
resene of all the QDs - deays as t−0.18, in agreement
(within experimental unertainty) with the fat that time
inreasing, less and less QDs are in the On state, aus-
ing the total uoresene to derease like Φon(t) (Fig.3b).
Importantly, we also observed that this uoresene de-
ay is laser-indued and reversible : after a ontinuous
laser illumination of 10 minutes, leaving the sample in
the dark for about 10-15 minutes systematially lead to
a omplete reovery of its initial uoresene. This on-
rms that this deay is again purely statistial, and not
related to an irreversible bleahing of the QDs.
Our nal observation fouses on non-ergodi aspets of
random proesses driven by Lévy statistis. Single par-
tile measurements allow one to ompare diretly Φon(t)
and the fration of time Φ
(i)
on(0 7→ t) spent in the On
state between 0 and t for the ith QD. This provides a di-
ret test of the ergodiity of the QD uoresene. While
the ensemble average Φon(t) deays deterministially as
t−0.13 (Fig.3a), eah time average widely utuates over
time and for a given t, the values of Φ
(i)
on are broadly
distributed between 0 and 1, even after a long time of
integration (Fig.3). To study the behaviour of time av-
erages, we alulated the relative dispersion σr(t) of the
time averages at time t, where σr(t) orresponds to the
standard deviation of the distribution of Φ
(i)
on(0 7→ t) over
the set of QDs, divided by its mean value. Fig.3d shows
that σr(t) does not deay to zero, and is still of order 1
on the experimental time sale. Therefore, even for long
aquisition times, the utuations of the time averages
from QD to QD remain of the order of the time averages
themselves and do not vanish as expeted for ergodi sys-
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Fig. 3: Non-stationarity and non-ergodiity in a sample of
QDs. (a) Time evolution of the fration Φon(t) of QDs in the
On state at time t (∇). Φon(t) deays as t
−0.13 = tµoff−µon
(solid line). (b) Time evolution of the total uoresene sig-
nal emitted by the sample () : the darkening eet follows a
t−0.18 power-law deay (solid line). () Typial time evolution
of Φ
(i)
on (0 7→ t) - the fration of time spent in the On state
between 0 and t - for 7 QDs. The time averages are widely
utuating, even in the long integration time limit. (d) Evo-
lution of the relative dispersion σr(t) of Φ
(i)
on (0 7→ t) at time t
over the ensemble of QDs (◦). As time grows, σr(t) tends to a
onstant value, illustrating that the time averages trajetories
do not onverge to any asymptoti value.
tems. These data indiate ergodiity breaking : due to
rare events with a duration omparable to the total a-
quisition time, there is no harateristi time-sale over
whih physial observables an be time-averaged. Even
for long aquisition time, Φ
(i)
on(0 7→ t) does not onverge
and no information on the ensemble value Φon an be
obtained by time averaging an individual trajetory.
While we found that aurate estimates of µon and µoff
are essential to analyze and predit the statistial prop-
erties of the uoresene, the mirosopi origin of these
broad distributions is not yet established. Distributions
of O times are sometimes attributed to distributions of
stati traps from whih the harge of an ionised QD es-
apes by tunnelling eet [11, 28℄. In these models, the
value of µoff strongly depends on mirosopi harateris-
tis of the QDs, and it is not lear how this is ompatible
with the statistial homogeneity of the dierent QDs sug-
gested by the KS test. The dynami hanges of the parti-
le environment are also often invoked to aount for the
utuating emission of the QD [12, 29℄. Some authors
have thus suggested models in whih the trap for the
harge of the ionised QD follows a random walk in a 1D
parameter spae, yielding a universal value 1/2 for µoff
[12℄. However both of these models (stati and dynami)
have yet to be more thoroughly tested. Sine intermit-
4teny is an ubiquitous proess at the nanometer sale,
some of the arguments disussed here for QDs might also
apply to other systems. In partiular, our analysis shows
that non-stationary behaviour of the uoresene - some-
times attributed to photohemial proesses - an also
have purely statistial origins (suh as statistial aging).
Reent evidene have shown that this may be the ase in
a system as mirosopially dierent from QDs as green
uoresent proteins[30℄. In this respet, aging and non-
ergodiity might be an important pattern when studying
single nanometer-sized objets in omplex environments.
In onlusion, our experimental results show that en-
semble averaged uoresene properties of individual
CdSe QDs are deeply aeted by the non-standard sta-
tistial properties of the Lévy statistis governing the
blinking proess. We found that a population of QDs ex-
hibit statistial aging. Hene, despite the blinking statis-
tis are time-independent, the uoresene emitted by an
ensemble of QDs under ontinuous laser exitation is non-
stationary. Our data also evidene that due to the saling
properties of Lévy statistis, CdSe QDs are non-ergodi
systems : time- and ensemble-averaged properties do not
oinide anymore, in full ontrast with usual assumptions
when studying nanosale emitters.
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